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Abstract 

Using a semiclassical approach we show that the spectrum of a smooth Anosov 
vector field y on a compact manifold is discrete (in suitable anisotropic Sobolev 
spaces) and then we provide an upper bound for the density of eigenvalues of the 
operator (— i) V, called Ruelle resonances, close to the real axis and for large real 
parts. 



Resume 

Par une approche semiclassique on montre que le spectre d'un champ de vecteur 
dAnosov V sur une variete compacte est discret (dans des espaces de Sobolev aniso- 
tropes adaptes). On montre ensuite une majoration de la densite de valeurs propres 
de I'operateur (— i) V, appelees resonances de Ruelle, pres de I'axe reel et pour les 
grandes parties reelles. 
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1 Introduction 



Chaotic behavior of certain dynamical systems is due to hyperbohcity of the trajectories. 
This means that the trajectories of two initially close points will diverge in the future or in 
the past (or both) [9l[28]. As a result the behavior of an individual trajectory appears to be 
complicated and unpredictable. However evolution of a cloud of points seems more simple: 
it will spread and equidistribute according to an invariant measure, called an equilibrium 
measure (or S.R.B. measure). Also from the physical point of view, a distribution reflects 
the unavoidable lack of knowledge about the initial point. Following this idea, D. Ruelle 
in the 70' |39[ HQ], has shown that instead of considering individual trajectories, it is much 
more natural to consider evolution of densities under a linear operator called the Ruelle 
transfer operator or the Perron Frobenius operator. 

For dynamical systems with strong chaotic properties, such as uniformly expanding 
maps or uniformly hyperbolic maps, Ruelle, Bowen, Fried, Rugh and others, using symbolic 
dynamics techniques (Markov partitions), have shown that the transfer operator has a 
discrete spectrum of eigenvalues. This spectral description has an important meaning for 
the dynamics since each eigenvector corresponds to an invariant distribution (up to a time 
factor). From this spectral characterization of the transfer operator, one can derive other 
specific properties of the dynamics such as decay of time correlation functions, central limit 
theorem, mixing, etc. In particular a spectral gap implies exponential decay of correlations. 

This spectral approach has recently (2002-2005) been improved by M. Blank, S. Gouezel, 
G. Keller, C. Liverani [SI [221 ED [10] , V. Baladi and M. Tsujii [31 [j (see [1] for some his- 
torical remarks) and in [TTj, through the construction of functional spaces adapted to the 
dynamics, independent of every symbolic dynamics. 

The case of flows i.e. dynamical systems with continuous time is more delicate (see 
|18| for historical remarks). This is due to the direction of time flow which is neutral 
(i.e. two nearby points on the same trajectory will not diverge from one another). In 
1998 Dolgopyat [T51 [T3] showed the exponential decay of correlation functions for certain 
Anosov flows, using techniques of oscillatory integrals and symbolic dynamics. In 2004 
Liverani [30] adapted Dolgopyat 's ideas to his functional analytic approach, to treat the 
case of contact Anosov flows. In 2005 M. Tsujii [l9] obtained an explicit estimate for the 
spectral gap for the suspension of an expanding map. In 2008 M. Tsujii [20] obtained an 
explicit estimate for the spectral gap, in the case of contact Anosov flows. 

Semiclassical approach for transfer operators: It also appeared recently [TB 1 [T7 1 [T5] 

that for hyperbolic dynamics on a manifold X, the study of transfer operators is naturally 
a semiclassical problem in the sense that a transfer operator can be considered as a "Fourier 
integral operator" and using standard tools of semiclassical analysis, some of its spectral 
properties can be obtained from the study of "the associated classical symplectic dynamics", 
namely the initial hyperbolic dynamics on X lifted to the cotangent space T*X (the phase 
space) . 

The simple idea behind this, crudely speaking, is that a transfer operator transports a 
"wave packet" (i.e. localized both in space and in Fourier space) into another wave packet. 
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and this is exactly the characterization of a Fourier integral operator. A wave packet is 
characterized by a point in phase space (its position and its momentum), hence one is 
naturally led to study the dynamics in phase space. Moreover, since every function or 
distribution can be decomposed into a linear superposition of wave packets, the dynamics 
of wave packets characterizes completely the transfer operators. 

Following this approach, in the papers |16[ ITT] we studied hyperbolic diffeomorphisms. 
The aim of the present paper is to show that semiclassical analysis is also well adapted 
to hyperbolic systems with a neutral direction since it induces a natural semiclassical 
parameter (a in Theorem [TSl page [26]) . the Fourier component in the neutral direction. 
In the paper [15] one of us has considered a partially expanding map and showed that a 
spectral gap develops in the limit of large oscillations in the neutral direction (which is a 
semiclassical limit). In this paper we consider a hyperbolic flow on a manifold X generated 
by a vector field V. In Section 2 we recall the definition of a hyperbolic flow and some of its 
properties. In Section 3 we describe the dynamics induced on the cotangent space T*X. In 
particular we construct an "escape function" which expresses the fact that the trajectories 
escape towards infinity in T*X except on a specific subspace called the trapped set 
K. The vector field is considered as a partial differential operator of order 1 acting on 
smooth functions C°° {X) and can be extended to the space of distributions. In Section 4 
using a semiclassical approach (with escape function on phase space) we establish a first 
result, in Theorem [12], which shows that the operator H = —iV has a discrete spectrum 
of resonances in specific anisotropic Sobolev spaces. This discrete spectrum is intrinsic to 
the vector field V in the sense that we get the same spectrum in an overlap region for two 
different Sobolev spaces constructed according to some general principles. This result has 
already been obtained by O. Butterley and C. Liverani in [TOl Theorem 1]. The novelty 
here is to show that this resonance spectrum fits with the general theory of semiclassical 
resonances developed by B. Helffer and J. Sjostrand [25] and initiated by Aguilar, Baslev, 
Combes [H |5]. Our main new result is Theorem [15] page [26] which provides an upper 
bound o (with n = dimX), for the number of resonances in the spectral domain 

3ft (A) G [a, a + y/a\, (A) > —(3 (all (3) in the semiclassical limit |a| — j- oo. 

The use of escape functions on phase space for resonances has been introduced by B. 
Helffer and J. Sjostrand |25] and used in many situations |l6l[l2lll5lllll|5ll[2ll[35]. In 
particular in [21], the authors consider the geodesic flow associated to Schottky groups and 
provide an upper bound for the density of Ruelle resonances (see also [H]). 

In this paper as well as in |17) . one aim is to make more precise the connection between 
the spectral study of Ruelle resonances and the spectral study in quantum chaos [M] [53] . 
in particular to emphasize the importance of the symplectic properties of the dynamics in 
the cotangent space T*X on the spectral properties of the transfer operator, and long time 
behavior of the dynamics. 

Acknowledgment: This work has been supported by "Agence Nationale de la Recherche" 
under the grants JC05_52556 and ANR-08-BLAN-0228-01. 
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2 Anosov flows 

Let X be a n-dimensional smooth compact connected manifold, with n > 3. Let 0t be the 
flow on X generated by a smooth vector field V e C°° {X; TX): 

V{x) = j^{c^t{x))/,^,eT,x, xex. (1) 

We assume that the flow 0^ is Anosov. We recall the definition (see [28] page 545, or 
[36] page 8) 



Definition 1. On a smooth Riemannian manifold {X,g), a vector field V generates an 
Anosov flow {4't)te¥^ (or uniformly hyperbolic flow) if: 

• For each x G X, there exists a decomposition 

T^X = Eu (x) © Es (x) © Eo (x) , (2) 
where Eq (x) is the one dimensional subspace generated by V (x). 

• The decomposition is invariant by 0^ for every t: 

VxgX, (D,0i) (E„ (x)) = (0i (x)) and {D,ct)t) {E,{x)) = E,{<j)t{x)) . 

• There exist constants c > 0, > such that for every x G X 

\D,<Pt{vs)\g < ce-''\vs\g, WvseEsix), t>0 (3) 
\D,(f)t{vu)\g < ce-^l*lkl^, Vt;„GE„(x), t < 0, 

meaning that Eg is the stable distribution and E^ the unstable distribution for 
positive time. 



2.1 Remarks: 

The remarks of this Section give more information on Anosov flows but are not necessary 
for the rest of this paper. 

2.1.1 General remarks 

• Standard examples of Anosov flows are suspensions of Anosov diffeomorphisms 
(see [36] p. 8), or geodesic flows on manifolds M with sectional negative cur- 
vature (see [36] p. 9, or [28] p. 549, p. 551). Notice that in this case, the geodesic flow 
is Anosov on the unit cotangent bundle X = T^M. 
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Figure 1: Picture of an Anosov flow in X and instability of trajectories. 

• The global hyperbolic structure of Anosov flows or Anosov diffeomorphisms is a very 
strong geometric property, so that manifolds carrying such dynamics satisfy strong 
topological conditions and the list of known examples is not so long. See [7] for a 
detailed discussion and references on that question. 



(they are independent of x G X). Eq.([2]) implies + dg + 1 = dimX = n. For 
every du,ds > 1 one may construct an example of an Anosov flow: one considers a 
suspension of a hyperbolic diffeomorphism of SL^-i (Z) on T"~^, with n = du + dg + l, 
such that there are ds eigenvalues with modulus |A| < 1, and du eigenvalues with 
modulus |A| > 1. 

2.1.2 Constructive expressions for E.^, Eg 

In the case where du = dg = 1, there is a formula which gives the distributions E^^Eg [2]. 
Let [vq\ G C°° (P {TX)) be a global smooth section of the projective tangent bundle, such 
that at every point x G X, [vq\^ ^ {Eq (x) © Eg (x)) (it is sufficient that the direction [vq\^ 
is close enough to the unstable direction Eu {x)). Then for every x G X, 



• Let 



du = dim Eu (x) , 



dg = dim Eg (x) 




(4) 



Similarly if [vq]^ ^ {Eq (x) © Eu (x)) , Vx G X, then for every x G X, 
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Figure 2: Picture of the flow on the projective tangent bundle P (TX) induced by the 
hyperbolic vector field V. A global section [vq] will converge towards or Eg for t ±00 
as explained in Eq.(jl]). 

See figure [2j 

In the general case, for every d^, ds, there exists a similar construction. Let [vq] G 
C°° (Gr^^ „ (TX)) be a global smooth and non vanishing section of the Grassmanian bundle, 
such that at every point a; G X, the linear space [vq]^ does not intersect Eq (x) © Eg (x). 
Then for every x & X, 

Eu{x)= hm^D(l)t (M0.,(-))- 

Similarly 




when [vo] G (Gr^^^^ (TX)) does not intersect Eq © E^. 

2.1.3 Anosov one form a and regularity of the distributions E^ (x), Eg (x) 

The distribution Eq (x) is smooth since V (x) is assumed to be smooth. The distributions 
Eu (x), Eg (x) and Eu (x) (B Eg (x) are only Holder continuous in general (see |36] p. 15, |21] 
p.211). Smoothness can be present with additional hypothesis or with particular models. 
See the discussion below, section 12.1.31 page [71 

The above hypothesis on the flow implies that there is a particular continuous one form 
on X, denoted a G C° {T*X) called the Anosov 1-form and defined by 

kei {a (x)) = Eu (x) ® Eg (x) , {a (x)) {V (x)) = 1, Vx G X (5) 

Since Eu and Eg are invariant by the flow then a is invariant as well, (p^ (a) = a for every 
t G M, and therefore (in the sense of distributions) 

Cv (a) = 0, (6) 

where Cy denotes the Lie derivative. 

We discuss now some known results about the smoothness of the distributions Eu (x) , Eg (x) 
in some special cases. 
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• In the case of a geodesic flow on a smooth Riemannian negative curvature manifold 
M (with X = T*M), Eu (x)©E, (x) is orthogona^lto (x), therefore E^ {x)®Es (x) 
is C°°. The distributions Eu (x), Eg (x) are individually (see [20] p. 252). 

• More generally, the flow (pt is a contact flow (or Reeb vector fleld, see |33] p. 106, 
1^ P-55]) if the associated one form a defined in Eq.([5]) is C°° and if 

da/(Eu®Es) is lion degenerate (i.e. symplectic) (7) 

meaning that a is a contact one form. Equivalently, dx := a A (da)^ is a volume 
form on X with n := | dim (E^ © Eg). Notice that implies that the volume form 
is invariant by the flow: 

Cv (dx) = 0. (8) 

In that case, E^ (x) © Eg (x) = ker (a) is C°° and a determines V by da {V) = and 
a{V) = 1. 

• (From [21] p. 211) Hurder and Katok in [27] showed that if (pt is an Anosov flow on 
X, dimX = 3, and if a is a contact form of class then a is C°° in fact, and Eu (x). 
Eg (x) are C^~^ for every e > 0. Moreover if Eu (x) , Eg (x) are then they are C°° 
in fact and C°° conjugated to an algebraic flow [20] . 

3 Transfer operator and the dynamics lifted on T*X 
3.1 The transfer operator 

The flow (pt acts in a natural manner on functions by pull back and this defines the transfer 
operator: 



Deflnition 2. The Ruelle transfer operator Mt : (X) C°° (X), t G I 


I is defined 


by: 




Mtip = ifio 0_„ ^eC^ (X) , 


(9) 


Mt can be expressed in terms of the vector field V as 




Mt = exp {-tV) = exp (^-itH^ 


(10) 


with the generator 




H := -iV. 


(11) 



^ Proof: since the metric g is preserved by the flow, if G E^, and V ^ Eq, 
g ivu,V) = g {{Dc^t) Vu, {Dc^t) V) = g {(D^t) Vu, V) , 
goes to zero a.s t ^ — oo, from Eq.Q. Therefore g (£'„, £^0) = 0. Similarly g {Eg, Eq) = 0. 
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Remarks: 



If dx is a smooth density on X, then Mt can be extended to {X, dx). In this space, 
Mt is a bounded operator. The adjoint of H is prop. (2.4) p. 129) 

^* = -zV - z div (y) = # - z div (y) . (12) 

Hence ([l^ def.(2.1) p.l25) 

div {y) = <(=^ £^7 {dx) = <(=^ </)t preserves (13) 
4^ is self-adjoint on (X, (ix) 

4^ is a unitary operator on (X, rfx) . 

This is the case for the geodesic flow, which preserves the Liouville measure, or more 
generally for a contact flow from (|H]). But for a generic Anosov flow there does not 
exist any smooth invariant measure. 

From the probabilistic point of view, it is natural to consider the Perron Frobenius 
transfer operator T^, t G R whose generator is the adjoint if*, Eq. (ll2p : 

f, :=e-^^**= (M(_i))*. (14) 

The reason is that one has the following relation which is interpreted as a conservation 
of the total probability measure: 



'fti?jdx= / ipdx, tljeC°°iX). 

Proof. (fttp^ dx = (^l\fttl?j = (U(^_t)l\tl?j = tpdx since M(_i)l = 1 by ©. □ 

We introduce the antilinear operator of complex conjugation C : C°° (X) C°° (X) 
by 

Cif := ^, ifE (X) , (15) 
which can be extended to V (X) by duality: for ip e V (X) , Lp E (X), 



We have the following relation 

Hd + CH = (16) 
(it will imply a symmetry for the Ruelle resonance spectrum, see Proposition [H] page 



Proof. Since V is real, for every (p G C°° (X) one has HCcp = —iV {(f) = iV {(f) = 
-{-tV (ip)) = -dHcp. □ 
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3.2 Generators of transfer operators are pseudo- differential oper- 
ators 

The generator H defined in fill I) is a differential operator hence a pseudodifferential oper- 
ator. This allows us to use the machinery of semiclassical analysis in order to study the 

spectral properties P8| chap. 7]. In particular it allows us to view Mt = exp (^—itH^ as a 

Fourier integral operator. See proposition H] below. 

3.2.1 Symbols and pseudodifferential operators 

In this Section we recall how pseudodifferential operators are defined from their symbols 
on a manifold X. We first recall [231 HH p.2] that: 



Definition 3. The symbol class 


with order /i G M consist of C°° functions p 


ix,0 


on X such that 






Wa,f3, \dp^,p\<C^,p 


(eri"|, with (e):= vi+e 


(17) 


The value of /i governs the increase 


(or decrease) of p{x,^) as \ — )■ oo. 





On a manifold X with a given system of coordinates (more precisely a chart system and 
a related partition of unity, see |48l p. 30]), the symbol p determines a pseudodifferential 
operator (PDO for short) denoted P = Op (p) acting on u G C°° {X) and defined 
locally by 



P:«^(P„,)w^ye-«-.p(.,0 (18) 

Conversely p = a is called the symbol of the PDO P. Notation: if p G 5*^ we say 
that P G Op (5^). 

The value of the order /i is independent on the choice of coordinates, but the symbol p 
of a given PDO P depends on a choice of a chart and a choice of a partition of unity ( |48[ 
p. 30]). The symbol has not a "geometrical meaning". However it appears that the change 
of coordinate systems changes the symbol only at a sub leading order S^~^. In other words, 
the principal symbol Pppai = p mod S^~^ is a well defined function on the manifold X 
(independently of the charts). 

Concerning the operator H = —iV given in Eg. (ITT]) , one easily checks [TTt p. 2] that it 
is obtained hj H = Op (H) with the symbol 

H{x,0 = Vices'. 

Notice that this symbol does not depend on the chart. This is very particular to differential 
operators of order 1. 
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The quantization formula f llSp is sometimes called the left-quantization or ordinary 
quantization of differential operators. There are plenty of other quantization formulae 
which differ at subleading order Op (S*^"^) so the principal symbol of a PDO is the same 
for the different quantizations. Some have interesting properties. For example the Weyl 
quantization of a symbol pw |38l (14.5) p. 60] denoted by P = Op^^^ {pw) is defined by: 

P:u^ (P«) (x) = I e'^^^-yW u (y) dydi. (19) 

In this quantization, a real symbol pw is quantized as a formally self-adjoint operator. 
In our example Eq. flllj) . H = —iV, the Weyl symbol i^ 

Hw{x,0 = ViO + ldiviV). (20) 

Notice that this symbol does not depend on the choice of coordinates systems provided 
the volume form is expressed b}0 dx = dxi . . . dXn- The term |div {V) in (120|) belongs to 
5*° and is called the subprincipal symbol. 

For general symbols and with the Weyl quantization, a change of coordinate systems 
preserving the volume form changes the symbol at a subleading order S^~'^ only. In other 
words, on a manifold with a fixed smooth density dx, the Weyl symbol pw of a given PDO 
P is well defined modulo terms in S*^"^. 

In this paper we will also use a Toeplitz quantization (or F.B.I, quantization) for 
the proof of Lemma |25] page HH 

3.2.2 Induced dynamics on T*X 

Recall that the canonical symplectic two form on T*X is (j32] p.90)@ 

u ■.= di^ dx. (21) 

The following well known proposition shows that the flow on the cotangent bundle T*X 
obtained by lifting the flow 0t is naturally associated to the Ruelle transfer operator we 
are interesting in. 



^Indeed from gSl (14.7) p. 60], in a given chart where V = V {x) 

Hw {x, = exp (^9,9^) {V {x) = V {x) + '-d.,V = V{i) + ^div {V) 

and div {V) depends only on the choice of the volume form, see [171 P-125]. 

'''On a manifold there always exists charts such that a given volume form is expressed as dxi . . . dXn 
^We take the convention of the "semiclassical analysis community" with uj := d£, A dx. The opposite 

convention uj :— dx A d^ is more usual in the "symplectic geometry community". 
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Proposition 4. The symbol of the differential operator H defined in Eq. 07]) belongs to 
the symbol class S^. Its principal symbol is equal to: 

Ho{x,0 = V{O^S\ (22) 

The Ruelle transfer operator Mt, defined in Eq. / flOj) is a semi- classical Fourier integral 
operator (FIO), whose associated canonical map denoted by Mt : T*X — )■ T*X is the 
canonical lift of the diffeomorphism (pt on T*X (linear in the fibers). See figure\^ More 
precisely if x & X , x' = (pt (x) then 

'T*X ^ T*X 
Mt: {x I — >x' = (Pt (x) (23) 

Mt is also the Hamiltonian flow generated by the vector field X G (T*X, T (T*X)) 
defined by 

u{.,X.) = dHo. (24) 
The vector field X is the canonical lift ofV on T*X . 



Proof For ([22]), see gH] p. 2. From I^U^, Mt is defined by 

.dMt 



dt 



HMt, Mt=o = Id. 



For ([22]) see |321 ex.2 p.l52] or |37] Eq.(14.20) p. 77 and Eq.(14.15) p. 76, or [33], ex. 3.12 
p.92. □ 



Remarks: 

• The Hamiltonian vector field X G C°° (T*X,T {T*X)) can be expressed as usual 
with respect to a coordinate system by ( |47[ p. 74]) 

^ dHo d dHo d 



dC, dx dx 

From fll2p the operators H and H* have the same real principal symbol Hq (x,^) = 
V {^). Therefore the canonical transform associated to the Perron Frobenius operator 
ft , Eq.([Il]), is also Mt. 
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Figure 3: The flow (j)t generated by the vector field y on X is lifted on the cotangent 
bundle T*X. This gives a Hamiltonian fiow Mj generated by a vector field X. 



3.2.3 Dual decomposition 

Let 



t:x = e: [x) © e: (x) © e* (x) (25) 



be the decomposition dual to ([2]) in the sense that 

iE*{x))iEu{x)®E,ix)) = 0, (26) 
{E: (x)) (E„ (x) © Eo (x)) = 0, {E: (x)) (Es (x) © Eo (x)) = 0. 



Remarks: 



Let us remark that we have exchanged E* and E* with respect to the usual definition 
of dual spaces. Our choice of notations will be justified by Eq. (l29|) . 

One has 

dim-^Q (x) = dimE'o (x) = 1, 
dimE* (x) = dimEg (x) = dg, dimi?* (x) = dimi?„ (x) = du- 

From ([5]) and (126|) . one deduces that Eq is spanned by the one form a: 

E*{x)=Ra{x). (27) 
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Energy Shell T,e{x) 




= K{x): Trapped Set 
Ke(x) 



Figure 4: Picture of T*X for a given x G X, and a given £" G M. 

Notice that since [x) © Es [x) is not smooth in general (see remarks page[S]), the 
same holds for Eq (x). However {E* (x) © E* (x)) is smooth since Eq (x) is smooth. 



Definition 5. For E G M, let 

Ee := Hq^ (E) C T*X (2^ 
be the "energy shell" (where the function Hq (x,^) = V has been defined in 



S^; is a smooth hyper-surface in T*X. More precisely for every x G X, 

^E (x) := SijnT^X 

is an affine hyperplane in T*X, parallej^ to E* (x) © E* (x) and therefore transverse to 
Eq (x). See Figure H 



Since Eq {E^ ® E*) ^ and V e Eq then 

Ho {El [x) © E; {x)) = V {El {x) ® E: {x)) = 0. 
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Proposition 6. The decomposition ( f^) is invariant by the flow Mf and there exists 
c> 0,6 > such that 

\Mt{Q\ < ce-''\U, W^^eE:, Vt>0, (29) 
\MtiU\ < ce-^'*'lej, Ve„Gi?:, Vt<0. 

For every G M, the energy shell T,e is invariant by the flow Mt. In the energy shell He 
the trapped set Ke is defined by 

KE:={KE{x) = {T.E{x)r\E*{x)), x G X} . (30) 

Ke is a global continuous section of the cotangent bundle T*X given in terms of the 
associated one form ^ by: 

Ke = Ea. 

In general Ke {x) is not smooth but only Holder continuous (as Eq (x)). Ke is globally 
invariant under the flow Mt . 



Proof. By duality with wliat liappens in TX described in ([2]). Since otiV) = 1 then 
Hq (a) = V (a) = 1. Therefore a G He=i- Also a & Eq therefore a = Ke=i- □ 

Remarks: 

• In general the trapped set K is defined by: 

K ■={{x,i) gT*X, 3C>0;VtGM, |Mf(x,OI < C} , 

i.e. K contains trajectories which do not escape towards infinity neither in the future 
nor in the past. We have: 

K= [jKE = El. 

• Notice that for every i? G M the trapped set Ke is a sub-manifold of T*X homeomor- 
phic to X hence compact. This observation is at the origin of the method to prove 
the existence of discrete resonance spectrum below (Theorem [T2|) . The dynamics of 
Mt restricted to Ke is conjugated to the dynamics of (^t on X (it is a lift of (pt on 
Ke). 

• For the special case of a contact flow on X with a contact 1 form a then 
Ke=i = a and therefore Ke = Ea is a C°° section. The restriction of the canonical 
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two form f llip to this section (seen 



as a submanifold of T*X) i^ 



u/Ke = E (tt* (da)) 



/Ke ' 



(31) 



where tt : T*X — > X is the bundle projection. We observe that K\ = 0} is a 
smooth symplectic submanifold of T*X (far from being a Lagrangian submanifold of 
T*X), [Ke, E^dx) is a contact manifold for £" 7^ isomorphic to (X, Ea). 

3.3 The escape function 

In this section we construct a smooth function Gm on the cotangent space T*X called 
the escape function. We will denote ||| the direction of a cotangent vector and S*X := 
[T*X\ {0}) /M"*" the cosphere bundle which is the bundle of directions of cotangent 
vectors ^/ \^\. S*X is a compact space. The images of £"*, E^ C T*X by the projection 
T*X\ {0} S*X are denoted respectively El,E*,E* C see Figure [5i;a) page [IS 



^proof: for a contact flow with contact l-form a then Ke = Ea, with E E M.. The restriction 
of the canonical symplectic l-form rj := ^dx is then jy//^^. = (tt* {Ke))ike ~ E {tt* (a))/^^, therefore 
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Lemma 7. Let u, Uq, s G M with u < tiq < s. There exists a smooth function m {x, ^) G 
(joo ^j'*x) called an "order function", taking values in the interval [u, s], and an "escape 
function" on T*X defined by: 

(x, := m {x, log ^Jl + {f{x,Of, (32) 

where f G C°° {T*X) and for |^| > 1, / > «s positively homogeneous of degree 1 in ^. 
fi^^O — 1^1 conical neighborhood of E* and E*. /(x,^) = Hq{x,^) in a conical 

neighborhood of Eq, such that: 

1. For 1^1 > 1, m(x,^) depends only on the direction G S*X and takes the value u 
(respect. Uq, s) in a small neighborhood of E'^ (respect. Eq,E*). See figure\^a). 

2. Gm decreases strictly and uniformly along the trajectories of the flow Mt in the 
cotangent space, except in a conical vicinity Nq of the neutral direction Eq and for 
small \C,\: there exists R> such that 

Vx G X, V lei > i?, ^ ^ iVo X (GJ {x, < -Cm < 0, (33) 

with 

Cm := cmin (|m| , s) (34) 
and c > independent ofu,nQ, s. 

3. More generally 

Vx G X, V lel > i?, X (Cm) (x, < 0. (35) 

See figure\^b) . 



Remarks 

• It is important to notice that we can choose m such that the value of Gm is arbi- 
trarily large (by making s, |m| — >■ oo) and that the neighborhood Nq is arbitrarily 
small. 

• The value of no could be chosen to be no = to simplify. But it is interesting to 
observe that letting Uq, s — )■ +oo, the order function m (x, ^) can be made arbitrarily 
large for |,^| > 1, outside a small vicinity of i?*. We will use this in the proof 
of Theorem [T3] in order to show that the wavefront of the eigen-distributions are 
included in i?*. 

• Inspection of the proof shows that with an adapted norm |^| obtained by averaging, 
c can be chosen arbitrarily close to 0, defined in (1291) . 
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K 

(a) (b) 

Figure 5: (a) The induced flow Mt on the cosphere bundle S*X := {T*X\ {0}) /M^ which 
is the bundle of directions of cotangent vectors ■C/ I'd- (Here the picture is restricted to a 
fiber SIX). 

(b) Picture in the cotangent space T*X which shows in grey the sets outside of which the 
escape estimate (133|) holds. 

• The constancy of m in the vicinity of the stable/unstable/neutral directions allows us 
to have a smooth escape function Gm although the distributions El {x),E* {x),Eq (x) 
have only Holder regularity in general. 

3.3.1 Proof of Lemma [7] 

We first define a function m{x,^) called the order function following closely jT7| Section 
3.1 (and [I9] p.l96). 

The function m. The following Lemma is useful for the construction of escape func- 
tions. Let M be a compact manifold and let f be a smooth vector field on M. We denote 
exp (tv) : M ^ M the flow at time t generated by v. Let S^, be compact disjoint 
subsets of M such that 

dist (exp (tv) (p), Ss) — t- 0, t — )■ +oo when p G M \ S„ 
dist (exp (tv) (p), Su) — 0, t — )■ — oo when p E M \ S^. 



Lemma 8. Let Vu, Vs G M be open neighborhoods ofY^u o-nd respectively and let e > 0. 
Then there exist C K, Ws CV^, me C°°{M] [0, 1]), > such that v\m) >OonM, 
v{m) > 1] > on M\ {Wu U Ws), m{p) > 1 — e for p E Ws and m{p) < e for p G W^- 
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1 mo = 




mo = 1 1 






exf 













exp{—Tv) 



(a) 



Figure 6: Illustration for the proof of Lemma [HI The horizontal axis is a schematic picture 
of M and this shows the construction and properties of the sets Vu, Vg and Wu, Wg. 



Proof. After shrinking Vu,Vs we may assume that VuClVs = ^ and 

t > ^ exp (tv) (Vs) C Vs, and t < ^ exp (tv) (K) C K- 



(36) 



Let T > and let Ws := M\exp (Tv) (K) = exp (Tv) (M\K) and := M\exp {-Tv) (K) 
exp {—Tv) {M\Vs). See figure [61 

If T is large enough one has C K, Ws C K and ly, n W„ = 0. Let mo G C°°(M; [0, 1]) 
be equal to 1 on Vg and equal to on Put 



1 r 

m = — / mo o exp {tv) dt. 
2T 



Then 



v{m){p) 



2T 



(mo (exp {Tv) (p)) - mo (exp {-Tv) {p))) 



(37) 
(38) 



0)) 



• Let p E M\{WuU Ws). From ([38]) we see that v (m) (p) = 2|^( 
For p G M let 

X (p) := {t e M, exp (tt;) (p) G M\ (K U K)} • 
This is a closed connected interval by (15^ and moreover its length is uniformly bounded: 

3r > 0, Vp G M, |max (J (p)) - min (J (p))| < r. 

In other words, r is an upper bound for the travel time in the domain M\ {Vu U V^^). 
To prove the Lemma, we have to consider two more cases: 

• Let p G Wu. li t < T — T then mo (exp {tv) (p)) = and 



m (p) 




T-T 



mo (exp {tv) p) dt 



T 



mo (exp {tv) p)dt\ < — < e, 



<1 



where the last inequality holds if one chooses T large enough. One has mo (exp {—Tv) (p)) 
therefore (155]) implies that v{m){p) > 0. 
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Let p G Ws- One shows similarly that 

'T+T pT 




/ I 2T T 

mo (exp {tv) p)dt\ > — — - — > 
-T+t'- V ' / 



>0 



for T large enough, and v{m){p) > 0. 



□ 



We now apply Lemma [S] to the case when M = S*X and v is the image X on S*X of our 
Hamilton field X. See figure [71 

• We first take S^j = = E* and let = C M be the set of limit points 
limj_^+oo exptjv{p), where p G M \ and tj — )■ +00. T,] is the union of Eq, E* and 
all trajectories exp(Mt;)(p) where p has the property that exptv{p) converges to Eq 

when t — !■ —00 and to E* when t — )■ +00. Equivalently, is the image E* © Eq in 
S*X of El® E^. Applying the Lemma, we get rrii = m e C°°(M; [0, 1]) such that 
mi < e outside an arbitrarily small neighborhood of = E*, nii > 1—e outside 
an arbitrarily small neighborhood Wl of = E'* © Eq and X(mi) > everywhere 
with strict inequality X(mi) > 77 > outside W} U VF^. 

• Similarly, we can find m2 = m G C°°(M; [0, 1]), such that m2 < e outside an arbi- 
trarily small neighborhood W"^ of = Eg (B Eq, m2 > 1 — £ outside an arbitrarily 
small neighborhood of = ii^* and X(m2) > everywhere with strict inequality 
X(m2) > ?7 > outside U 

Let u < no < s and put 

m := s + (no — s) mi + (n — rio) ^2, 

TV, := n 1^2^ iVo := n VT^^ iv, := n ly,^ 

Then 

• on S*X\ (Ns U iVo U iV„) = {S*X\ {W^ U 1^,^))U(5*X\ {W^ U IVf)) have X (mi) > 



?7 or X (m2) > f] therefore 



X (m) = {no - s) X (mi) + {u - no) X (m2) (39) 
< — ?7min {\no — s \ , \u — no\) ■ 



on Ns = n we have mi < e and m2 < e therefore 

m > s + (no — s) e + {u — no) e 



s{l-s)+ue>^, (40) 



where the last inequality holds if e is chosen small enough. 
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* * u 




-^u '^^ s s 




Y? = E* W'^ 



(b) 



Figure 7: Representation of different sets on S*X used in the proof. 

• on Nu = W} n we have mi > 1 — e and 777,2 > I — s therefore 

m < s + {rio - s) {1 - e) + {u - uq) (1 - e) 

u 

= es + u[l - e) < 

where the last inequahty holds if e is chosen small enough. 

• on S'*X we have 

X (m) = {riQ — s) X (mi) + (n — Uq) X {m-i) < 0. 
We construct a smooth function m on T*M satisfying 



m(x,0 = m[ , if 1^1 > 1, 



if Kl < 1/2. 



(41) 



(42) 



The symbol Gm- Let 



Gm. (x, := ^ (x, log V 1 + (/ (x, 0) 

with / G (T*X) such that for \^\ > 1, f > is positively homogeneous of degree 1 in 
^, and 

^eiv„uiv,^/(x,0 := lei 
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The consequences of these choices are: 



Since X (i^o) = then X ( log ^ 1 + (/ {x, 0) ) = for || G No. 



Since E* is the stable direction and E* the unstable one, 

3C> 0, ^ e iV, ^ X (log (0) <-C, ^ G iV„ ^ X (log iO) > C. (43) 

Notice that by averaging, the norm |,^| can be chosen such that for |,^| large enough, 
C is arbitrarily closed to 9 defined in 



In general 



x(iog/rT7^) 



is bounded: 



3^2 > 0, G T*X, 



X logVl + (/(x,0)^ 



< Co 



We will show now the uniform escape estimate Eq. (l33|) page ( !T7|) . One has 

X (G™) = X (m) log ^l + P + mX (log ^/l + p) . (44) 
We will first consider each term separately assuming |,^| > 1. 



If ^ G S*X \ [Ns U iV„ U iVo j then using ([39D and the fact that X (log + p 
and m are bounded, one has for |^| large enough 

X {Gm) {x, < -cmin (s, |m|) 

with c > independent of n, no, s. 

If G Nu then from fH5|) and fHT]) there exists c > such that 

X (G„) = X (m) log (0 + m X (log (0) < -c |m| < 0. 



<0 >0 



• If ^ G A'^s then from and (140 p there exists c > such that 

X (G^) = X (m) log (0 +^X (log (0) < -cs < 0. 

<o >o >f <~c 

We have obtained the uniform escape estimate Eq. fl33p page [T71 Finally for G A'^q, we 

have 

X (G^) = X (m) log ^l + P +m X (log ^/iVp) < 0, 

<o >o ^ ' 

and we deduce (155]) page [T71 We have finished the proof of Lemma [7] page [T71 
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4 Spectrum of resonances 



In this Section we give our main results about the spectrum of the generator Eq (fTT]) . 
in specific Sobolev spaces. We first define these Sobolev spaces. 

4.1 Anisotropic Sobolev spaces 
4.1.1 Symbol classes with variable order 

The escape function G„i defined in Lemma [7] has some regularity expressed by the fact 
that it belongs to some symbol classes S^. This will allow us to perform some semiclassical 
calculus. In this section, we describe these symbol classes. 



Lemma 9. The order function m {x^S) defined in in LemmaYh belongs to ( definition 
page UU^] . The escape function Gm defined in belongs to the symbol class for 
every fi > 0. For short, we will write Gm G 5'+'^. 



In the paper [T7t Appendix] we have shown that the order function m{x,^) G can 
be used to define the class S'^^^'^^ of symbols of variable order m{x,^). We recall the 
definition: 



Definition 10. Let m (x,^) G 5° and | < p < 1. A function p G C"^ (T*X) belongs to 
the class S^^^'^^ of variable order if for every trivialization (x, ^) : T*X\jj — )■ M^", for 
every compact K d U and all multi-indices G N", there is a constant CK,a,p such 
that 

|afafp(x,0| < CK,a,p + (45) 

for every (x, ^) G T*X\-y. 



We refer to [T71 Section A. 2. 2] for a precise description of semiclassical theorems related 
to symbols with variable orders. 
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Proposition 11. The operator 




A„ := Op (exp (Gm)) 


(46) 


is a PDO whose symbol belongs to the class S^^^'^^ for every p < I (we 
short). Its principal symbol is 


write S'^Sq'^^ for 






The symbol Am can be modified at a subleading order (i.e. S^^^'^'' ^'^^ 
operator becomes formally self-adjoint and invertible on C°° (^)- 


) such that the 


Remark: one can also show that A^, G 5'J™(^'?)+° this is less precise than Am G 

^1-0 ■ 


Proof. We refer to the appendix in the paper |T7l Lemma 6]. 


□ 



4.1.2 Anisotropic Sobolev spaces 

For every order function m as in Lemma [71 we define the anisotropic Sobolev space 
H"^ to be the space of distributions (included in V (X)): 



H"^ := A~' {L' (X)) . 



(47) 



Some basic properties of the space iJ™, such as embedding properties, are given in [TTf 
section 3.2]. 

The generator H = —iV , Eq. Olip . is defined by duality on the distribution space 
V {X) and we can therefore consider its restriction to the anisotropic Sobolev space H"^. 



4.2 Main results on the spectrum of Ruelle resonances 

The following theorem [T2] has been obtained in [TU| Theorem 1] (with the slight difference 
that the authors use Banach spaces) . In particular we refer to this paper for results 
and discussions concerning the SRB measure. We provide a new proof below, based on 
semiclassical analysis in the spirit of the paper |17] . 
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Theorem 12. "Discrete spectrum". Let m be a function which satisfies the hypothesis 
of Lemma [71 page [771 The generator H = —iV , Eg. 07]) . defines by duality an unbounded 
operator on the anisotropic Sobolev space H"^ , Eg. 



in the sense of distributions with domain given by 

V [h^ := {(^ G iJ", G . 

It coincides with the closure of {—iV) : — )■ in the graph norm for operators. For 
z E C such that Q (z) > — {Cm — C) with Cm defined in [34\ ) and some C independent 
of m, the operator (^H — z^ : T) (^H^ fl H"^ — )■ H'^ is a Fredholm operator with index 
depending analytically on z. Recall that Cm is arbitrarily large. Conseguently the operator 
H has a discrete spectrum in the domain Q {z) > — {Cm — C), consisting of eigenval- 
ues Xi of finite algebraic multiplicity. See Figure\^ Moreover, H has no spectrum in the 
half plane ^ {z) > 0. 



Concerning Fredholm operators we refer to [T^ p. 122] or [231 Appendix A p. 220]. The 
proof of Theorem [12] is given page [271 

The next Theorem show that the spectrum is intrinsic and describes the wavefront of 
the eigenf unctions associated to Aj. The wavefront of a distribution has been introduced 
by Hormander. See for instance [23] p. 77] of [^ P-27] for the definition. The wavefront 
corresponds to the directions in T*X where the distribution is not C°^. 



Theorem 13. "The discrete spectrum is intrinsic to the Anosov vector field". 



More precisely, let in, f. Cm = fhlog y 1 + be another set of functions as in Lemma^A 
so that Theorem[TM applies and H : — )■ has discrete spectrum in the set ^ {z) > 
— (^Cm — C^ . Then in the set {z) > — min (^{Cm — C) , {^m — j the eigenvalues of 

H : if™ — )■ if" counted with their multiplicity and their respective eigenspaces coincide 
with those ofH:H^^ H"\ 

The eigenvalues Aj are called the Ruelle Resonances and we denote the set by Res ^ii^ . 

The wavefront of the associated generalized eigenf unctions is contained in the unstable 
direction E*. 

The resolvent (^z — viewed as an operator C°° {X) — t- T>' {X) has a meromorphic 

extension from {z) ^ 1 to C The poles of this extension are the Ruelle resonances. 
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The proof of Theorem [T3] is given page [231 

The following proposition is a very simple observation. 



Proposition 14. "Symmetry". The order function m can he chosen such that 
m{x,—^) = m{x,S,)- Then the conjugation operator C defined in leaves the space 
invariant. If Hip = Xip, ip G H"^ then := Cip G H"^ is also an eigenf unction 
with eigenvalue A = —A. The spectrum of Ruelle resonances is therefore symmetric with 
respect to the imaginary axis. 



Proof, of Proposition [m We first have to show that the space (X) = A"^ (L^ (X)) is 
invariant by C, equivalently that {X) is invariant by ACA~^. Notice that C is an "anti- 
linear FIO" whose associated transformation is C : (x, ^) — ?■ (x, — which is anti-canonical 
since C*uj = —u. The symbol A{x,C,) is invariant under the map C : (x,^) — > (x, — ^). 
One can therefore construct A such that CAC = A. Since CAC = A<^ ACA"'^ = C 
and since the space {X) is invariant under (7, we conclude that [X) is invariant by 
ACA-^. Finally if = Xtp,tp e H"", let ip = e H"". Then using H^^ = HCip = 
-CHtp = -\4). □ 

Here is the new result of this paper: 



Theorem 15. "Semiclassical upper bound for the density of resonances". For 

every E G ]R\ {0} , every P > 0, in the semiclassical limit a — t- +oo we have 

|a G Res (h^ , |3fJ (A) - Ea\ < V^, Q (A) > -/?} < a (a"-^/^) , (48) 
with n = dim X . 



Remarks: 

• Notice that by a simple scaling in a we can reduce the values of to = ±1 in 
Theorem [151 

• The case E = is excluded in Theorem [151 because the vicinity of the origin = 
is excluded in f[35l) . If one were able to construct an escape function such that in 
addition X (Gm) {x,C,) < C, V(x,^), with some C independent of m then E = 
would not be excluded. 
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Re{z) 



Figure 8: Spectrum of Ruelle resonances oi H = —iV. From Theorem [15] the number of 
eigenvalues in the rectangle is o (a"^^/^) for a — )■ oo. 



We recall a simple and well known result (which follows from the property that 
Mt = 1), that there is no eigenvalue in the upper half plane and no Jordan block 

oo 

on the real axis . 

The upper bound given in (1481) results from our method and choice of escape function 
A (x,^). In the proof, o (a"^^/^) comes from a symplectic volume V in phase space 
which contains the trapped set T,e and which is of order V ^ 6a~^^^, with 6 arbitrarily 
small. Using Weyl inequalities we obtain an upper bound of order a"V ~ in 
( H5]l . It is expected that a better choice of the escape function could improve this 
upper bound. For specific models, e.g. geodesic flows on a surface with constant 
negative curvature, it is known that the upper bound is O (a^) (see |i29j). We 
reasonably expect this in general. 



From the upper bound fHHl) . one can deduce upper bounds in larger spectral domains. 
For example: for every /3 > 0, in the semiclassical limit a — )■ +oo we have 

A G Res (h^ , 3? (A) G [-a, a] , 3 (A) > < o (a") , 

with n = dimX. 



4.3 Proof of theorem II 21 about the discrete spectrum of resonances 

Here are the different steps that we will follow in the proof. 

1. The operator H on the Sobolev space H"^ = (L^ (^)) is unitarily isomorphic to 
the operator P := AmHA^ on (X). We will show that P is a pseudo-differential 
operator. We will compute the symbol P [x, ^) of P in Lemma [TSl The important 
fact is that the derivative of the escape function appears in the imaginary part of the 
symbol P (x, ^). 

2. For 53 (z) ^ 1, using the Garding inequality, we will show that ^P — is invertible 
and therefore that P has no spectrum in the domain (z) ^ 1. 
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3. Using the Garding inequality again for a modified operator and analytic Fredholm 
theory we will show that (^P — is invertible for (z) > — {Cm — C) for some 
constant C independent of m, except for a discrete set of points z = \i with finite 
multiphcity. 

4.3.1 Conjugation by the escape function and unique closed extension of P 
on (X) 

Let us define 



(49) 



The following commuting diagram shows that the operator P on (X) is unitarily equiv- 
alent to H on if™. 

The definitions of symbol classes S'^ and 5™ are given in Sections 13.2.11 and 14.1.11 In 
the following Lemma, the notation Om. {S~^^^) means that the term is a symbol in S~^^^. 
We add the index m to emphasize that it depends on the escape function m whereas O (5°) 
means that the term is a symbol in which does not depend on m. 



Lemma 16. The operator P defined in [J^ j is a PDO in Op {S^). With respect to every 
given system of coordinates its symbol is equal to 

P (x, i) = H (x, + ^ (X (x, + Om {S-'^') , (50) 

where H (x,^) is the symbol of H : 

H{x,0 = V{0 + O{S''), 

with principal symbol V G , see Eg. /[^) . and X (Gm) G 5*+°. X is the Hamiltonian 
vector field of H defined in [24\ )- 



Proof. The proof consists in making the following two lines precise and rigorous: 
P = AHA'^ = Op (e^'") H (Op (e^'"))^' ^ (1 + Op (G„,) + ...)# (1 - Op (G„) + . . .) 

= ^ + [Op (Gra) ,H]+... = Op{H-t {Gm, if} + ...)= Op (if + zX (Gm) + ■■■)■ 
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In order to avoid to work with exponentials of operators, let us define 
Am,t ■■= Op (e*^™) = Op (e^*-) = < t < 1, 



and 



which interpolates between H = Hm,o and P = H„i,i- We have seen in Lemma [3 that 
Gn, G Op(S+°), in Proposition [n] that Am,t G Op , A;^]t G Op 

and in Eq.([22D that # G Op (S^). We deduce that§ H^^t e Op (5^+°). Then 



m,t 



dt 



Op (G^e*^-) = Op {GJ Op (e*«-) + (Op {S'^-'+')) 



dA. 



dt 



m,t 



dt 



Op (Cm + rm,t) 



with Tmt ^ S ani 



' ^m!t ) A.m,tH Aj-^^j- + Am,tHA^^ ( Am,t 



Op {Gm + rm,t),Hm,t G Op (5+°) 



<7 4~^ ' 



Therefore i/^,^ - ^ = ( £ iH^,sdsj G Op (5+°) and 
d 



dt 



-H, 



m,t 



Op {G„,) , iJj + pp (r„,t) , iJj + pp {Gm + r^.t) , i^m,t - H 
Op{G^),h] +Om (Op (5-1+0)). 



We deduce that 
P = H 



' d_ 
dt 



Hm,tdt = H 



^From the Theorem of composition of pseudodifferential operators (PDO), see [151 Prop. (3.3) p. 11], if 



A e and B e S';"^ then 



Op (A) Op (B) Op (AB) + O [Op{S; 



™ii+m2-(2p- 



->)) 



i.e. the symbol of Op (^) Op (B) is the product AB and belongs to 5'"*i+'"2 niodulo terms in 



S, 



nil+™2 — (2p— 1) 



^From gHl Eq.(3.24)(3.25) p.l3], if A e S""! and B e S*™^ then the symbol of [Op (A) , Op (B)] is the 



Poisson bracket —i{A,B} and belongs to Sp 



7711+7712 — (2p— 1) 



modulo S, 



7771+7772 — 2(2p—l) 



We also recall gZl 



(10.8) p. 43] that {A, B} = — (A) where is the Hamiltonian vector field generated by B. 
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Since 

Op (G„) , = Op {t (X (Gm)) (X, + (5"^+°)) , 

we get 

P = if + Op (z (X (G^)) (x, + (^-^+°)) . 

Finally since H = Op (V^ (^) + O (5'°)) with a remainder in 5"° which depends on the 
quantization (see discussion in Section 13.2. ip but which is independent of the escape func- 
tion m, we get f lSUp . Notice that with Weyl quantization, Eq. (1200 . the term O (S^) is 
precisely equal to |div(y). □ 

We have shown that P is a unbounded PDO of order 1 that we may first equip with the 
domain (X) which is dense in (X). Lemma [29] page H9] shows that P has a unique 
closed extension as an unbounded operator P on (X). The adjoint P* is also a PDO of 
order 1 and it is the unique closed extension from (X). 

4.3.2 P has empty spectrum for 53 (z) ^ 1. 

Let us write 

P = Pi + lP2 

with Pi := i (^P + P*j, P2 := ^ (^P* - pj self-adjoint. From and the symbol of 
the operator P2 is 

P2 (X, = X (Gm) (X, + (5°) + Om (5-1+°) (51) 

belongs to S~^^ and satisfies 

3Co,V(x,0, 3f?(P2(x,0)<Co. 

From the sharp Carding inequality (195|) page [50] applied here with order /i = 1 (since 
P2 G 5*"*"° C S*^) we deduce that there exists C > such that (^P2u\u^ < (Cq + C) \\u\f 
which writes: 

(P2-(Co + C)n|n) <0. (52) 



Lemma 17. From the inequality [5^) we deduce that for every z G C, '^{z) > C + Co, 
the resolvent ^P — exists. Therefore P has empty spectrum for {z) > C + Cq. 
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Proof. Lete = '^ (z) - {Cq + C) > 0. Then for u e C°° (X), 

5> ((P - ^) u\uj = {{P2- (Co + C)) u\uj - (!3 (z) - (Co + C)) \\uf < ~e H^f 
Using Cauchy-Schwarz inequality, 

P — Z] u IImII > \ { P — z] u\u] > ^ I I P — z] u\u] > E \\u 



Hence for u e C°° (X) 



P- z]u 



> e \\u\\ . 



(53) 



By density this extends to all u E V yPj and it follows that P — z is injective with 
closed range TZ (^P — z^ . 

The same argument for the adjoint P* = Pi — iP2 gives 



P* -z]u 



> e \\u\ 



\JueV[P 



(54) 



so P* — z is also injective. \i u E {X) is orthogonal to TZ (^P — then u belongs to the 

kernel of P* - z which is 0. Hence TZ (^P - z^ = (X) and P - z : V (^P^ ^ (X) is 
bijective with bounded inverses. □ 

4.3.3 The spectrum of P is discrete on (z) > — (Cm — C) with some C > 
independent of m. 

As usual P5| p. 113], in order to obtain a discrete spectrum for the operator P, we need to 
construct a relatively compact perturbation x of the operator such that (^P — ix^ has no 
spectrum on 3" (-z) > — (Cm — C). 

Let Xo '■ T*X — )■ M"^ be a smooth non negative function with Xq {^^0 = Cm > for 
(x, ^) G Xo and Xo{x,C,) =0 outside a neighborhood of Xo where R and Xo are defined in 
Eq. (l33|) page[I71 See also figure |5] (b). We can assume that xo ^ S^- 

Let Xo := Op(xo)- We can assume that £0 is self-adjoint. From Eq. (l33|) . for every 
(x,OeT*x, \^\>R, 

(X(GJ (x,0-Xo {x,0)<-Cm, 
hence (15T]) gives for every (x,^) G T*X: 

P2 (X, - Xo (X, i)<-Cm + C + Om (5-1+°) , 

with some C G M independent of m, coming from the O (5*°) term in fl5ip . Notice that the 
remainder term Om {S~^^^) could be bounded but by a constant which depends on m. 
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Since P2 G with every order < /i < 1, the sharp Garding inequahty ([HS]) page [5U] 
imphes that for every u G C°° {X) there exists > such that 



P2-XO + {Cm - C)) U\uj < ll^ll^ii^ 



The right hand side can be written = = ^3 {ixiu\u) with 

Xi = Op (xi)) Xi = iO'^"^ ^ S*^^^ and can be absorbed on the left by defining 

X-=Xo + Xu X-=Op{x)- 
We can assume that x is self-adjoint. We obtain: 

((P2-X+(an-C))M|M) <0. 

As in the proof of Lemma [T7] page |30] we obtain that the resolvent (^P — ix — 

exists for (z) > — {Cm ~C). The following lemma is the central observation for the 
proof of Theorem [T2l 



Lemma 18. For every z G C such that {z) > —{Cm~C), the operator 
x[P — ix~ is compact. 



Proof. On the cone Nq, the operator (^P — ix — is elliptic of order 1. We can therefore 
invert it micro- locally on Nq, namely construct E E S^^ and -Ri, -R2 £ "S*" such that 

(^P -iX- E = 1 + Ri, e(p -ix- z^ =1 + %, (55) 

Vj = l,2, WF (^^j) n iVo = 0. 

In particular WF [xRj^ = therefore xi?2 is a compact operator. Also is a compact 
operator (since E G S'^). Then from fl55l) . we write: 

P-iX- z] ^ = E - R2(P -ix- z" 



x[P-^X-z) = X - XR2 (P-ix-z^, 



bounded '^^''^po-'^i' compact 



bounded 



and deduce that x {^P ~ 'i-X~ z^ is a compact operator. □ 
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With the following Lemma we finish the proof of Theorem [T2J 



tX-z IS 



Lemma 19. From the facts that for every z E (z) > — {Cm — C), (^P 

invertihle, x {P — ix — is compact and that (^P — Zq^ is invertihle for at least one 

point zq G D, we deduce that P has discrete spectrum with locally finite multiplicity 

on^{z) >-{Cm~C). 



Proof. Write for {z) > - {Cm - C): 



-1 



P - z = \ l + iX [P - ix - zj j [P - ix - zj . 

Here {^P — ix — z^ '■ (yP^ — ?■ {X) is bijective with bounded inverse and hence Fred- 
holm of index 0. Similarly ^1 + ix (yP — — -z j ^ : {X) — t- {X) is Fredholm of 
index by Lemma [T51 Thus 

P-z:V{p)^L\X), ^ {z) >Cm-C, 

is a holomorphic family of Fredholm operators (of index 0) invertihle for {z) S> 0. It 
then suffices to apply the analytic Fredholm theorem ( |37[ p. 201, case (b)], see also P5| 
p. 220 Appendix A]). □ 

4.4 Proof of theorem [13] that the eigenvalues are intrinsic to the 
Anosov vector field V 

Let m and Cm be as in Lemma [3 Let m = f (m) where / G C°° (M), / {t) > max (0, t), 
f'^0,f {t) = for t < u/2 and f {t) = t for t > s/2. H viewed as a closed unbounded 
operator in if™ has no spectrum in the half plane 53 {z) > Ci for Ci ^ 0. The same holds 
for H : L"^ L^. Since m > we have H"^ C L"^ so if v E H"^ then {z) v = R^a {z) v 
for 53 {z) > Ci where Rl2 denotes the resolvent oi H : and similarly for R^fh. 

Since in > m we also have H"^ C H"^ and hence Rj^a {z) v = Ru^n {z) v for 53 {z) > Ci, 
V G H"^. Especially when v G C°°, we get Rl2 { Z^ V — R}{m {z)v, 53(2) > Ci. Applying 
Theorem WI\ we conclude that R12 {z), viewed as an operator C°° — )■ V has a meromorphic 
extension R {z) from the half plane 53 {z) > Ci to the half plane '^{z) > — {Cm — C) which 
coincide with Rh^ restricted to C°°. 
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If 7 is a simple positively oriented closed curve in the half plane (2) > — {Cm — C) 
which avoids the eigenvalues of H : if™ — if™ then the spectral projection, associated to 
the spectrum of H inside 7, is given by 

vr^" = 7^ / Rh^ (z) dz. 



For V G C°°, we have 



TT^ V = n^v := 7^ ( / Rh^ {z) dz ) v. 



7 



2m 



7 



Now C°° is dense in ii™ and vr^" is of finite rank, hence its range tt^™ (ii™) is equal to 
the image vr^ (C°°) of C°°. The latter space is independent of the choice of ii™. More 
precisely if m, / are as in Theorem [12] and we choose 7 as above, now in the half plane 
(z) > — min {{Cm — C) , {Cm — C)) and avoiding the spectrum of H : ii™ -> if™ and 
if : if™ — ff™, then the spectral projections vr^™ and tt^™ have the same range. 

Since one can find order functions m which are arbitrarily large in every direction except 
E*, see remark 13.31 page [T71 we deduce that the eigen-distributions are smooth in every 
direction except E*. The Theorem follows. 



4.5 Proof of theorem [T5] for the upper bound on the density of 
resonances 

The asymptotic regime 3? (2;) ^ 1 which is considered in Theorem [15] is a semiclassical 
regime in the sense that it involves large values of if (^) = V {^) ^ 1, hence large values 
of 1^1 in the cotangent space T*X. 

For convenience, we will switch to /i-semiclassical analysis. Let < /i <^ 1 be a small 
parameter (we will set a = l//i in Theorem [T5]) . In /i-semiclassical analysis the symbol ^ 
will be quantized into the operator Op^ (^) := hD^ = —ihd/dx whereas for ordinary PDO, 
^ is quantized into Op (.^) := Dx = —id/dx. This is simply a rescaling of the cotangent 
space T*X by a factor h, i.e. 

/iOp(0 = Op,(0- (56) 

In this Section we first recall the definition of symbols in /i-semiclassical analysis. In 
Lemma [22] we derive again the expression of the symbol of P. In Section 14.5.31 we give the 
main idea of the proof and the next Sections give the details of this proof. 



4.5.1 /i-semiclassical class of symbols 

We first define the symbol classes we will need in /i-semiclassical analysis. 
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Definition 20. The symbol class {hr'^S^) with 1/2 < p < 1, order /i G M and A; G M 
consists of functions p{x,^;h) on T*X, indexed by < /i ^ 1 such that in every 
trivialization {x,C,) '■ T*X\^ — )■ R^", for every compact K dU 



For short we will write 5*^ instead of {h~^S^^ when A; = 0, and write instead of 5*^ 
when p = 1. 

For symbols of variable orders we have: 



Definition 21. Let m (x, ^) G 5*°, | < p < 1 and A; G M. A family of functions p{x,C,;h) G 
C°° (T*X) indexed hj < h 1, belongs to the class (^h~''S^'^^"^^^ of variable order 
if in every trivialization (x,^) : T*X\^ M^n^ 

every compact K C U and all multi- 
indices a, /3 G N", there is a constant CK,a,p such that 

for every (x,^) G T*X|(y. 



4.5.2 The symbol of the conjugated operator 

Since the symbol H = V {S,) mod of iJ, given in fl22]) . is linear in it follows from 
that 

/i^ = /lOp (/f) = Op;, {H) . 
Therefore we also rescale the spectral domain 2; G C by defining: 

Zh := hz, Hh := hH . (59) 

and get 

Hh = 0^^{V{i) + O{hS')) GOpJ^i). 

From now on we will work with these new variables and we will often drop the indices 
h for short. 

We will take again the escape function to be Gm (x, ^) := m{x,^) log as in f l32|) but 
with the rescaled variable i.e. quantized by 

Gm '■= Op;j {Gm) ■ 
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Since the vector field X is linear in the fibers of the bundle T*X we get the same estimates 
f l33p and ( 15^ . We can now proceed as in Section [4.11 Gm is a /i-semiclassical symbol , 
Gm G S'^^ and quantization gives 

Am := Op;, (exp {Gm)) , 

which is a /i-PDO with symbol Am G 8^};^'^'^ (the invertibility of Am is automatic if h 
is small enough). Notice that the Sobolev space defined now by := A'^ (L^ (^)) = 
(Op;, {Am)) {L^ {X)) is identical to (gZD as a linear space. However the norm in H"^ 
depends on h. 

In the following Lemma, we will use again the notation Om {h'^S~^~^'^) which means 
that the term is a symbol in h'^S^^'^^. We add the index m to emphasize that it depends 
on the escape function m whereas O {hS^) means that the term is a symbol in hS^ which 
does not depend on m. 



Lemma 22. We define 



P :— AmHA^, 



as in [J^ l- Its symbol P E is 

P {x, = V (0 + ^hX {Gm) {x, O + O {hS') + Om . (60) 



Proof. Eq. fl60|) follows from Lemma fT6l But for clarity we re-derive it. Let us define 
Am,t ■■= Op;, (e*^'") = Op,, (e^*'") = Am, < t < 1 

and 



Hm,t '■— ^m,tHA^f. 



which interpolates between H = Hmfl and P = Hm,i- We have^A^^t G Op^ (S'*™+°),A„|4 G 
Op;, (5-*"^+°), H G Op^ {S^) therefore Hm^t G Op^ (5^+°). Then 



d 



dt 



with Tmt ^ hS and 



~Am,t I A^ ^ — —Am. t I —A. 



m.t 



d 



dt 



m,t 



Op {Gm + r 



m,t ) 



dt 



m,t 



OpJG 



^°The Theorem of composition of /i-semiclassical PDO says that if A e 5™^ and B e 5™^ then the 
symbol of Op;, {A) Op^ (B) is the product AB and belongs to 5'™!+™^ modulo 
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We deduce that ^-ffm,t e Op;, (/iS'+°) therefore Hm,t - H 
also and 



at 



We deduce that 
P = H ^ 

Sinc(0 



Op, , i/J + [Op, (r„,t) , ifj + pp, (G„ + r„,t) , i/^,* - 
Op, {Gm) ,h\+0^ (Op, . 



(it 



Hm,tdt 



H 



op,(G„o,^ +a^(op,(/i25-i+°)) 



we get 



Op (G^) , = Op, {th (X (G^)) (x, + {h^S-'+^) ) 
P = i7 + Op, (z/i (X (G™)) (x, + Om . 



Finally, since H = Op, {V {^) + O (hS^)) with a remainder in hS^ which depends on 
the quantization (see discussion in Section I3.2.ip but which is independent of the escape 
function m, we get (150]) . □ 

We recall the main properties of the different terms in (160|) . First V (C,) G is real. In 
each fiber T*X, V (C,) is linear in ^ and for every E ^ K. the characteristic set S^; : = 
{(x, ^) , V {^) — E = 0} is the energy shell defined in (125]) and transverse to i?Q. 
The second term i/iX (Gm) G /iS'"*"'^ is purely imaginary and 



< for 1^1 > R 
X(G^)(x,0 is {<0^il) for \^\ < R 

< -G^, G„ > 0, for (x, ^ ( U iVo 



(61) 



where = |^| < R} and A'^o is the cone defined in Lemma [71 With a convenient choice 
of the order function m (x,^) we have independently: 



Nq with arbitrarily small aperture 

R arbitrarily small 

Cm > arbitrarily large 



(62) 



"If A e 5™i and B e S'™^ then the symbol of [Op^ (A) , Op;, (B)] is the Poisson bracket ~ih {A, B} = 

ikX-B (A) and belongs to hSp^^^™^ modulo /i^Sp"^^'"^ Here is the Hamiltonian vector 

field generated by B. 
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Figure 9: The objective is to bound from above the number of eigenvalues Aj in the domain 
Zp. For that purpose, we will bound the number of resonances in the disk of radius 1 + hh 
and center Ze = E + i. 



4.5.3 Main idea of the proof 

Before giving the details of the proof we give here the main arguments that we will use in 
order to prove (148|) . 

Let us consider the following complex valued function p (x, ^) G C°° {T*X) made from 
the first two leading terms of the symbol (I60p : 

p(x,0:=V^(0+M(G'J. (63) 

Let E G M\ {0} and h <^\. We define the spectral domain Z dC: 

Z:=^zeC, \'R{z) - E\< ^/CJ^, 5> (^) > -C^/i} . 
See Figure [91 Let 

V^:={(x,OgT*X, p{x,i)eZ}. (64) 

We have from (|6T]) 



^ '^^ ^ '/^x(G^)(x,0>-a./. l(x,0 e(/^KUiVo)' ^ ^ 

where '^E±^/a^ •~ {y}\E'-E\<y/a^^E'^ is a union a energy shells ( 128|) . We deduce that 
the symplectic volume of Vz is 

Vol {Vz) < C Vol (X) Vol [n^ Vh, (66) 

with some constant C > 0. See Figure [TOl 
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Using the "max-min formula" and "Weyl inequalities" we will obtain an upper bound 
for the number of eigenvalues (in a smaller domain C Z) in terms of this upper bound: 

tt {A. G Z4 < ^"^I^IJ^^) = C^C Vol (X) Vol (iVo) /3 < \c^, 

with 

Z/3:=|agC, |3fJ(A) -E| < v^^, ^J(A) > . (67) 

Using Cm arbitrarily large and that Vol is independently arbitrarily small, from 

Eq. (l62|) . we deduce that 

tl{A.eZ^}<o(/iV2-), 

which is precisely (H5]) with a = 1/h. 

The proof below follows these ideas but is not so simple because P {x,C,) in Eq. (l60|) is a 
symbol and not simply a function (symbols belongs to a non commutative algebra of star 
product) and because the term /iX (Gm) is subprincipal. We will have to decompose the 
phase space T*X in different parts in order to separate the different contributions as in 
(1^5]) . Another technical difficulty is that the width of the volume Vz is of order y/h. We 
will use FBI quantization which is convenient for a sharp control on phase space at the 
scale y/h. 

4.5.4 Proof of Theorem [15] 

We present in reverse order the main steps we will follow in the proof. 
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Steps of the proof: 

• Our purpose is to bound the cardinal of the spectrum a of the operator P in the 
rectangular domain given by (167|) . But as suggested by figure [9] and confirmed by 
Lemma [23] below, it suffices to bound the number of eigenvalues of P in the disk 

D{zEA + hh) := {z eC, \z - Ze\ < {I + hh)} , b > 0, 

with radius (1 + bh) and center: 

ze := E + I e C. 



Lemma 23. Ifb>2/3 and h small enough then 

(a (P)n^/^) ^D{zE,l + bh). 



Proof. We know from a remark after Theorem [12] that z E a =^ (z) < 0. Also, 

Pythagora's Theorem in the corner of Z gives the condition (1 + bh)'^ > (1 + + 
[y/Ph-Y which is fulfilled if 6 > 2/3 and h small enough. □ 



In order to bound the number of eigenvalues of P in the disk D (ze, 1 + bh), we will 
use Weyl inequalities in Corollary [2S] page [17] and a bound for the number of small 

singular values of the operator ^P — ze^ (i.e. eigenvalues of ^P — ze^ ^P — ze 

obtained in Lemma [271 

In order to get this bound on singular values, we will bound from below the expres- 



sions 



^P — ze^ u = (^(^P ~ {P ~ z-E^ u\'u)j. From symbolic calculus (see 



footnote [To] page 



we can compute the symbol of this operator and get: 



(P - z^* (P - z^ = Op {\V (0 -Ef + \l-hX {Gm)\' + O {hS') + Orn 

(68) 

= Op {\V (0 - ^1' + 1 - 2/iX (G^) + O {hS') + . 

However it is not possible to deduce directly estimates from this symbol because for 
large |C| the remainders O (hS^) and Om {h^S+^) may dominate the important term 
2/iX {Gm) G hS'^'^. Therefore we first have to perform a partition of unity on phase 
space. 
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Partition of unity on phase space: Let Kq C T*X be a compact subset (independent 
of h) such that Vz C Kq with Vz defined in (1641) . See figure [TUl Lemma EH page EHl 
associates a "quadratic partition of unity of PDO" to the compact set Kq: 



^2 I ^2 



1 + Op 



(69) 



with self-adjoint operators XoiXi with symbols Xo ^ S Xi ^ 'S'°- On the compact set 
i^o, x^ = l + 0{h^),xi = 0{h^). 

Then from Lemma [32] page |5T] called "IMS localization formula" we have: for every 
M G L2 (X), 



P - ze]u 



P - Ze] Xqu 



P- Ze] Xiu 



\u\ 



(70) 



We will now study the different terms of (170]) separately. 



Informal remark: In order to show that the Lemma [24] below is expected, let us give 
an informal remark (non necessary for the proof). Using the function p(x,^) := V (C,) + 
i/iX (Gm), as in (163 p . which is the dominant term of the symbol P (x, ^), we write: 



\p{x,0 - ^e\' = \V (0 -Ef + \l-hX {Gjf 

= \V (0 -Ef + l- 2hX (G„0 + O {h^S+^) 

If (x,^) ^ Kq there are two cases, according to (IM]) : 

1. Either X ((?„) (a;, — , therefore: 

\p{x,0-ZEf>l + 2hCm. 

2. or (0 - > Co > and X (G„) < C (1) from §3). Therefore 

\p{x,0-ZE\^>'^ + Co + 0{h). 

In both cases we have 

{x, O^Ko^ \p{x, - > 1 + 2/iC„. 



(71) 
(72) 



(73) 



Since Xi is negligible on Kq, the following Lemma [21] is not surprising in the light of 
property (TTS]) . It gives a lower bound for the second term in the right side of ( 170]) . 



Lemma 24. For every u E L'^ (^)j 



> (1 + 2/i (C™ - C)) \\xiu\\^ - O {h°°) \\u\ 



(74) 
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0{Vh) 



= 1 



= 1 




Figure 11: Picture in T*X with x & X, which shows the partition of unity of phase space 
used in the proof of Lemma IMl The support of Xi is outside the set Kq. 



Proof. In order to prove (171|) we have to consider a partition of unity in order to take into 
account two contributions as in the discussion after (17T]) . Let \l/o G which has its support 
inside the region where Xi = 1 and we set \l/o = 1 away from a conical neighborhood of 
the energy shell T,e, Eq. (l28|) . which is the characteristic set V — E = 0. See figure [TTl 
Since {V (C,) — E) is the principal symbol of (P (x, ^) — E) & and is non vanishing 
on the support of \E'o, there exists Q G Op {S~^) such that 



q(P-E) =^o + R, Re Op . 



Since Q is continuous in {X), there exists Cq > such that for every v e (X), 



I l|2 \ 1 



Qv 



hence for every u e L"^ {X) 



P-E)xiu 



1 

> — 
- Co 
1 

> 



Q{P-E)xiu 



Co 



^^o + R] xiu 



2Co 



(75) 



Writing P = Pi + iP2 with Pj self-adjoint, we have 

2 



P -ze) Xiu 



P-E] +i 



P-E]xiu 



P-E 

1^ l|2 



2P2Xim|xim) . 



(76) 
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Using f l75p in ( I76p we get for every a > 0: 



P ~ Ze] Xiu 



(1 - ah) 



P-E]xiu 



ah 



P-E)xiu 



+ \\Xiu\ 



(77) 



2P2Xiu\xiU 



> (1 - ah) 
ah 

= (1 - ah) 



P-E]xiu 



-2R 



P - ^ j Xiw 
ah 



0{h-')\\u\ 

2 



2Cn 



%^o]Xiu\Xiu] -0{h'^)\\u 



Recall from (ED]) that 



Ps = Op (/iX {Gm) + O G Op . 

2i^2 + e Op . 



Therefore 



2Co 

Assume a > 4Co (Cm — C). Then from (16T]) and the hypothesis on \l/o, for every (x, ^) G 
supp (xi) we have 



(^-2P2 + ^^S^o) (x, > min [2h {Cm " , ^) > 2/^ (C„ 



We can add a symbol \E'i G 5° positive, which vanishes on supp (xi) so that £ 
Op {h°°S~'^) and such that for every {x,C,) G T*X we have 

-2P2 + ^*S*o + (x, > min (^2h (C„ - C) , > 2/i (C„ - C) . 

The semiclassical sharp Carding inequality implies that: 



Vm G (X) , 



-2P2 + ^%^o^ xMxiU^ > {2h (Cm -C)-0 (h^)) \\xiu\ 

-Oih^)\\u\\\ 



where the remainder term O (/i°^) comes from ( \E'iXin|xi^^)- With (1771) we get: 



P - ze] Xiu 



> (1 - ah) 



P-E]xiu 



Wxmf 



+ {2h (Cn -C)-0 (h^)) Wxiuf - O (h^^) \\uf 
>{l + 2h {Cm -C)-0 {h^)) \\xiu\\^ - O (/i°°) ll^f . 



The term O {h^) \\xiu\\^ can be absorbed in the constant C. 



□ 
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Lemma 25. There exists a family of trace class operators (depending on h) such that 



Tr 



(78) 



(where the constant O {1) does not depend on the escape function m) and for every u G 



P - ze] XoU 



+ (hBM > il + 2hiCm-Oil)))\\xouf-Oih°°)\\u\\\ (79) 



and 



P- Ze) XoU 



> {1-O{h))\\xouf-Oih°°)\\u\ 



where the term O (h) does not depend on m. 



(80) 



Remarks Lemma [25] concerns the first term of tlie riglit liand side of (170|) . In order 
to obtain f TTOj) . which is similar to ( Tl^ . it has been necessary to add a new term which 
involves a trace class operator Bh. Its role is to "hide" the domain Vz (165|) . Eq. (l80|) shows 
that without this term the lower bound is smaller. 

Proof. The construction is based on ideas around Anti-Wick quantization, Berezin quanti- 
zation, FBI transforms, Bargmann-Segal transforms, Gabor frames and Toeplitz operators, 
see e.g. |26]. We review some definitions in Appendix IA.4I page [521 We will use the follow- 
ing two properties for an operator obtained by Toeplitz quantization of a symbol A{x,C,',h). 
Let 

A := Opj, (A) '■= j T^ada. 

Garding's inequality writes 



A(x,0 > ^ iAu\u) >0 + O{h^) \\u 



also 



Tr U 



and 



(V(x,0, A{x,O>0) 
From f[68l) we have 



A(x,0 dxd^ + 0{h'^), 

Tr (a) + O 



A 



Tr 



Xo{P - Ze] (P - ze]xo = XoSxo + R 



(82) 
(83) 

(84) 
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with Re Op {h°^S-°°) and 
with the Toephtz symbol 



S = Opr (S) 



S (x, ^■,h) = \V (0 - ^1' + 1 - 2/iX (Gm) (x, O + O (hS^^) + 

(the remainders are in 5"°° since Xo has compact support in flM|) . Since X (Gm) < from 
(IM]) . we deduce f lSO]) using Garding's inequahty (1ST]) . 

In order to improve this lower bound and get (1791) . let Bh G (T*X) such that 
V(x,0, > and 

(x,0eV2^5,,(x,0>2C^. (85) 
Notice that from (166|) -B/j can be chosen such that 

/ {x, dxdi < O (1) C„Vol [Vz] = O (1) C„Vol (X) Vol (n,) Vh. (86) 

From dM]), (1H2]) and dHl]) we deduce Recall that from <^ we have 

(x, ^ ^ (0 - ^1' > hCm or - /iX {Gm) > hCm. 
Therefore in view of (185|) for every (x, .^) G T*X we have 

S {x, /i) + hBh {x,0 = \V{0-Ef + l- 2hX {GJ + hB^ {x, 

> 1 + 2hGrn + O {hS-°^) + Om [k^S-^] . 

Let Bh := Op^- (Bh). After multiplying both sides by Xo, using Xo-B/iXo = Bh+Op {h°°S~°°) 
and Garding's inequality we deduce that 

e (X) , (xo^Xow|m) + > ((xo (1 + 2/1 (C^ - O (1))) Xo) wk)+0 hf 

Replacing the first term by (1841) this gives (179 p . □ 



Corollary 26. Eq. ^ with M, ^ gives 



P - ze]u 



hBhu\u] > (1 + 2 {Crn - O (1)) h) \\u\ 



Wu e (X) 



where O (1) does not depend on m. Using l[8U\} instead we get 



^7) 



\fu e {X) , 



P - ze]u 



>{l-0{h))\\u\[ 
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Let us show that these last relations imply an upper bound for the number of eigenvalues 
of the operator (^P - ze^ (^P - ze^ smaller than (1 + 2 (C^ - O (1)) h). 



Lemma 27. Let Si < S2 < ■ ■ ■ be the singular values (^P — Ze^ sorted from below. 
More precisely, < S2 < • • • are the eigenvalues of the positive self-adjoint operator 
A := (^P — Ze^ (^P — Ze^ below the infimum of the essential spectrum of A, possibly 
completed with an infinite repetition of that infimum if there are only finitely many such 
eigenvalues. Then the first eigenvalue is 

si>l-0{h) (89) 

and 

if J > O (1) C^Vol (n^ h^-"" then > 1 + {C„, - O (1)) h. (90) 
In other words the number of singular values of (^P — Ze^ below 1 + {Cm — O (1)) h is 

0{l)CrrN0\ (iVo) h^-^. 



Proof. Eq. (l89p is a direct consequence of (155]) . We use the "max-min formula" for self- 
adjoint operators |251 p. 78] and Eq. (157]) . Put := Cm — C){\). We have for every 
j 



s] = max min ( u, Au 

■' (7CL2(X),codim((7)<j-l u£U,\\u\\=l 



> 1 + 2Xmh + max min (—(hBhulu)] 

f/CL2(x),codim(t/)<j-l ueC7,||n||=l V V // 

= l + 2Xmh — h min max ((Bhulu 

UCL^(X),codim(U)<i~l «6C/,ll«li=l VV 



1 + 2Xmh — hbj, 



where U varies in the set of closed subspaces of {X) and 61 > 62 > • • • denote the 
eigenvalues of Bh (possibly completed with an infinite repetition of if there are only 
finitely many such eigenvalues). We have 

|5;,||^ = Tr (5,,) =bi + b2 + ... 

Eq.(J7S]) implies that for every Eq > 0, iibj > sq then j^q < Tr (^Bh^ < O (1) C^Vol (^Nq^ /li"" 

then J < (1) C^Vol (^iVo) /i^-". Equivalently if j > (1) C^Vol (^iVo) then bj < Eq 
and s| > 1 + 2Xm.h — hbj > 1 + 2 (A^, — ^o) h. Taking the square root we get (I90p . □ 
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We deduce now an upper bound for the number of eigenvalues of P. 



Corollary 28. We have 

tl |a (p) n D (^ZE, 1 + } < O (1) C„Vol (iVo) /i^". (91) 



Proof. Let Ai,A2,A3... denote the eigenvalues of P sorted such that j — \Xj — ze\ is 
increasing. The Weyl inequalities (see (a.8) p. 38] for a proof) give 

N N 

where {sj)^ are the singular values defined in Lemma [271 above. Let 

N := tl |a, : |A, -Ze\<1 + = |a (P) n D (^Ze, 1 + ^/i) } 

and let ^ 

M := C (1) C„Vol (a^o) /i^"" 

be the factor which appears in (190|) . We want to show the bound: 

N< [2 + (^])m (93) 



a 



m 



for C^_> l._ _ _ 

If iV < M then (1^ is true. Conversely let us suppose that N > M. Using (^2]) we 
have 



^■'=1 / \j=M 

Then using (189|) and (190|) we have 



n., n ., <(i+%.) 



(1 - O (A))" (1 + (C,„ - O (1)) ft)"""' < I 1 + ^ft 



c„ 



TV 



We take the logarithm and since /i ^ 1 we get: 

.Cr, 



-MO (h) +(^N- m) {Cm. - O (1)) h < N^h 
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Now since Cm ^ 1, 



^N{^-0{1)] <M{Cm + 0{l)). 



1 + cr/i /I 
^ < \ ^{{ = M {2 + [ — 



so we have obtained (193|) . This imphes (19T]) . □ 

From Lemma [22] with b = ^ and /3 = ^ we deduce that the upper bound fl9ip imphes 
an upper bound: 



A, G a (p) , \^{\-E)\<^ -fh, ^ (A,) > -^/ij = O (1) C^Vol (iVo) /i^". 

We take a = ^ ^ 1 and return to the original spectral variable z = ^ = aZh after the 
scaling (159|) . From ( 162|) we can choose the escape function m such that Cm ^ 1 is arbi- 
trarily large and Vol {J^g^ < o {^^^ is arbitrarily small so that O (1) C^Vol {j^^ = 

o (^h^~^^ . Since the spectrum does not depend on the escape function m, we get fHS]) . We 
have finished the proof of Theorem [T3 



A Some results in operator theory 
A.l On minimal and maximal extensions 

We show here that the pseudodifferential operator P defined in Eq. fHQi) . has a unique closed 
extension on {X). This a well known procedure for the case of elliptic PDO, we refer 
to \51\ chap. 13 p. 125], and in general this is not true for PDO of order 2. The fact that P 
has order 1 (since it is defined from a vector field on X) is therefore important. 

The domain of the minimal closed extension Pmin of the operator P with domain 
C~ (X) is 

T>min ■■= [u e {X) , Uj e (X) ^ n in (X) and Puj ^ G (X)} . (94) 
The maximal closed extension Pmax has domain 

v^a. ■■= {u e L"" (X) , PueL^X)Y 

(Recall that P is defined a priori on (X) and V (X)). 
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Lemma 29. For a PDO P of order 1 (i.e P G Op(S'^)j, the minimal and maximal 

= T^min = T^max, i-^- there is a unique closed extension of 



extensions coincide: T> yP 
the operator P in (X) . 



Proof. V^in C V^ax is clear. Let us check that C "Cmm- Let u E Vmax, i-e. 

u e L"^ (X), V := Pu E {X). We will construct a sequence Uh E C°° {X) with /i — > 0, 
such that u/j — 7- n in {X) and show that Puh — ?■ f in L^. 

Let X ■ T*X ^ M+ be a function such that x{x, = 1 for 10 < 1> and x {x, = 
for 10 > 2. For h > 0, let the function on T*X be defined by Xh {x, = X {^^ ^0- Let 
the truncation operator be: 

Xh ■■= Op (xh) ■ 

Notice that Xh is a smoothing operator which truncates large components in ^ (larger than 
1/h), Xh is similar to a convolution in x coordinates. 
Let 

Uh ■= XhU. 

It is clear that Uh u in (X) as h 0. We have 



Puh = PXhU = XhPu 



P.Xh 



u. 



The first term converges XhPu — )■ w = Pu as — )■ 0. The principal symbol of the PDO 
P:Xh is 

1 1 

- {P, Xh} = - {d^Pd^Xh - d^Pd^Xh) ■ 

Now we use the fact that P E has order L In the first term, d^^P E 5" is bounded (from 
([2])) and dxXh is non zero only on a large ring \ <\E,\ < f^- In the second term dr^P E 
has order 1 but d^Xh = hd^x {^^ ^0 is non zero on the same large ring and therefore of 



order (—1) (since h ~ |0 on the ring). Therefore the PDO 



P,Xh 



converges strongly to 



zero in {X) as /i — 0. Hence 
and that u E T>min- 



P,Xh 



n — 7- as — 7- 0. We deduce that Puh — ?■ v 



Pu, 
□ 



A. 2 The sharp Garding inequahty 

References: [2?! p. 52] or (llOOp . [5^ P-99], p. 1157] for a short proof using Toeplitz 
quantization. 



49 



Proposition 30. If P is a PDO with symbol P E S^, fi eM, ^ (P) > then there exists 
C eR such that 

VugC°°(X), ^ (Pu\u^ > -C \\uf^^ (95) 
u] 



where ||u||^f. := (^^'C^ "I ^'C^ ^) denotes the norm in the Sobolev space H^. 



A. 3 Quadratic partition of unity on phase space 

As usual in this paper, we denote A := Op^j {A) for a symbol A. 



Lemma 31. Let Kq C T*X compact. There exists symbols xo ^ S and Xi ^ of 
self-adjoint operators XoyXi such that 

xl + xl = i + R- 

The symbol R E {h'^S~'^) is negligible, supp (xo) is compact and on Kq, Xii^tO — 
0{h^),Xo {x,i) = l + 0{h^). 



Proof. Let Kq C T*X be compact. We can find symbols < Xo e C*?" {T*X) (with 
compact support) and < Xi ^ {T*X) such that 



Xi 

and 



on Kq 

1 for \i\ > 1 



-4 := Xo + xl is 



> everywhere 
-- 1 for \i\ > I. 



We replace Xo? Xi respectively by Xo^ ^^"^i Xi^ We obtain 1 = Xo + Xi- 

Let P := Xo + X? - 1- Then _R G Op {hS"^). We write R = Htq {x,i) + h"^ . . .. 
We replace Xj; j = 0, 1 by 

X;:=(l + /ifo)-'/'x,(l + /^ro)-^/\ 
Which is also self-adjoint. We obtain 

+ X? = (1 - hvQ) x^ + (1 - h?,) x\ + o (Op {h^s--^)) 
= 1 + C(0p {h^s-"^)). 

If we iterate this algorithm, we obtain the Lemma. □ 
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A. 3.1 I. M.S. localization formula 



The following Lemma is similar to the "l.M.S localization formula" given in [TT| p. 27]. It 
uses the quadratic partition of phase space obtained in Lemma [3T] above. 



Lemma 32. Suppose that P e Op {S^") for some fi eR and that (P - P*) G Op (/iS*^) 
Then for every u ^ L"^ {^)> z ^ C, 



P-z]u 



P - z)xoU 



P - z)xiu 



\u\ 



(96) 



Proof. For simplicity, we suppose z = i(5 with /3 G M, i.e. 3ft (2;) = (this is equivalent to 
replacing P — 3ft (z) by some operator P'). We use fl69|) and write 



P-i(5]u 



(p-i^y {p-iP)u\u)= J2 [[P-^f3yxl{P-^f3)u\uj (97) 

(98) 



fc=0,l 



+ 0(/i°°) \\u\\\ 

The aim is to move the operators Xk outside. One has for k = 0,1: 
P - 1/3)* xl (P - ^f3) -Xk(P- ^|3Y (P - ^f3) Xk = 

P*,Xk 



(99) 



Xk[P-^|3) Xk[P-^f3) + 
P\Xk] Xk(P-^(3)-Xk{P-^l3 

( \ 



P\Xk 



XkP - XkP* 



P,Xk 



\ 



Xk[P-^^3)-Xk[P-^f3) [P-i/3]xk 
P,Xk 

\ 



( 



il3 



I 



P*,Xk 



Xk + Xk 



P.Xk 



\ 



First remark that for every PDO A G Op {S^) with some yU G M, then 

This is obvious for k = Q since xo ^ Op (5'"°°) and for = 1 this is because {xi ~ 1) ^ 
Op (5-°°) and 



Al 



0. We have assumed that 



(P* - P) G Op {hS^") 



therefore 



P*-P.Xk 



G Op [h^S-"^) 
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Also 



The first term of fl99l) is 



P,Xk 



e Op {hS^°°) . 



P\Xk 
P,Xk 



XkP - XkP* 



P.Xk 



XkP - XkP 



P,Xk 



O(0p {h^s-°^)) 



.XkP 



C(Op {h^S""^)) 



= O (Op {h^S""^)) . 
The second term of (l99l) is 



Ilk 



P*.Xk 
P,Xk 



Xk + Xk 
Xk + Xk 



P.Xk 
P.Xk 



C(Op {h^s-^)) 



Therefore using ([69 



iio + III = [P, xl + xl\+o (Op [h^s-^)) 

= C(Op [h^S^^)) . 

We have shown that 

5^ (p - t^jxi {p - = E - - + ^ (Op (/^'5-°°)) 

fc=0,l fc=0,l 

Coming back to ( 197|1 we get ( 196|) . 

A. 4 FBI transform and Toeplitz operators 



□ 



References: |26] , [32] , |52] 

The manifold X is equipped with a smooth Riemannian metric so that we have a well- 
defined exponential map exp^. : T^X — )■ X which is a diffeomorphism from a neighborhood 
of G T;j.X onto a neighborhood of x G X. Define the coherent state at point a = 
{ax, ttg) G T*X to be the function of y & X: 



1 



ea (y) := X (ttx, exp -a^ (exp„] (y)) - — (a^) dist (a^, y) 



(ag) := (1 + a|) 



2\l/2 



where x G C°° (X x X) is a standard cutoff to a small neighborhood of the diagonal. In the 
Euclidean case X = M", the cutoff is often superfluous and we get the complex Gaussian 
"wave packet" 

^{o.,)\y~axf 



ea (y) = exp ( -a^ {y - a^) 
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We can define the FBI-transform of m G C°° (X) by 



(Tu) {a; h) := h 4 (ea\u) = h 4 / ea{y)u{y)dy 



X 



wliicli can be made asymptotically isometric after multiplication to the left by an elliptic 
symbol of order and we can keep this point of view in mind. We have the following 
known facts [l3l|26]: 

• There exists Oq (ct] h) G /i~^S'"/^ elliptic and > such that 

u = I (jTau) da + Ru, \/u G (X) 



JT'X 

with 

TTa := ao {a; h) e„ (cqI.) 
and R G Op^ negligible. 

tTq > and 

IItTqII^^ = Tr (tTq) = ao (a; h) \\ea\\^ = O (1) /i"". 
If i? G Op;j (S**") has the principal symbol 60 (modulo hS"^~^), then 



B = b{a;h) Ti^da + i? 
ir*x 

where R is negligible as above, h G S"" and b = bo mod [hS"^^^). 

For a function A (x,^; /i), we define the Toeplitz quantization of A by 

Opj, (A) := J A (a; h) iVada, 

then the previous results imply a "Garding's inequality": 

A (x, > ^ (Opr (A) > + C {h°°) \\uf (100) 

and 



Tr(l) = ^ J A{x,0dxd^ + O{h^ 
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